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B pabGote o6cyxkaeTcs KOHIENIUsI KOPIYCKYJISIPHO-BOJIHOBOT'O 1yalln3Ma, OCHOBAH-
Has Ha (pypbe-CONPSKEHHBIX MATEMaTHYECKUX MOJIEIISIX IBUKEHUSI KOPIYCKYJIIbI KaK CUT-
HaJIOB B KOOPJIMHATHOM 1 YACTOTHOM MPOCTPAHCTBAX.
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KopnyckynsipHO-BOJTHOBOW Ayajii3M — OIMH M3 KOHIENTYaJIbHBIX MPUHIIM-
OB MOCTPOeHMsI (pU3MIECKON KapTUHBI MUpPa, pa3paboTKa KOTOPBIX OCHOBaHA
Ha cuHTe3e (PU3MUecKux 00pa30B U AHAJIOTHIA, OTOOpaKaeMbIX SI3bIKOM MaTe-
Matukiu. [lyankape, co cinoB e bpouss, cuuran, 4To «CylecTByeT OECKOHEUYHO
MHOTO JIOTHYECKH 3KBUBAJIEHTHBIX TOUEK 3PEHUS U KAPTHUH I€HICTBUTEIbHOCTH,
U3 KOTOPBIX YUEHbIN, PYKOBOJACTBYSICh UCKIIIOUUTEIBLHO COOOPasKeHUSIMU y00-
CTBa, BbIOMpaeT Kakymo-Inbo ofHy» [1]. TpagunuonHOe onucaHue KOPIYCKY-
JIIPHO-BOJIHOBOT'O Iyajii3Ma OCHOBAaHO HA KBAHTOBAHWM IHEPTUU JBUKYIIEUCS
KOPIIYCKYJIbI IO aHaJoTuu ¢ (poroHamu. [1pu n3noxkeHnn KOPIycKyJISIpHO-BOII-
HOBOTO JlyaJu3Ma OObIYHO MCIOJIb3YEeTCs MOJIETTUPOBAHUE ABUKYIIMXCS YACTHUI]
BOJIHOBBIMU IaKETaMH M ONTHKO-MeXxaHn4eckas a”anorusd. OgHako npoodiema
OPOCTON M HATJISITHOW MOJIEJU, OO BSICHSIOIIEH MOSIBJIEHNE BOJHOBBIX CBOWCTB
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y ABIKYIIEHCS YacTHUIlbl, OCTaeTcsl akTyalbHON. Hacrosias padora siBisieTcst
MOTHUBUPOBAHHON TOMBITKON MOCTPOCHUSI TAKOW MOJIENIA, OCHOBAaHHOU Ha KOM-
OuHanuy (PU3NIECKUX U MATEMATUUECKUX aHAJIOTHI, YTOUHSIONEN MOHNMAaHHe
BOJIHOBOW TIPUPOJIBI IBIKYIIENCSI MATEPUHL.

[ennanpHas gorajka e Bpoiisi 0 BOJHOBBIX CBOMCTBAX JBUKYIIUXCS 4a-
CTHI] BO3HUKJIA HA OCHOBE ONTHKO-MEXaHW4YecKoi aHanoruu [amuibroHa—SKo-
6a, KBAHTOBAHWH U MPEJICTABICHUN CBETOBBIX I0JIEH IOTOKOM CBETOBBIX YaCTHUI]
(poToHOB), OGIaTarOMuUX BOJTHOBBIME cBoricTBaMu ([Taysu, DWHINTENH), U TE€O-
peTHYECKON MOJIEJNIH, YKa3bIBAIOIIEeH HAa 9KBUBAJICHTHOCTh MACChl U HEPTHU
(ITyankape, DitamTeitn) [5]. Maess KBaHTOBaHUS WITIOCTPUPYETCS HA TIPOCTOM
npuMepe TapMOHUYECKOTO OCHMILISATOpA. [IBUKeHne rapMOHUYECKOTO OCITUII-
astopa Ha (a30BOH IUIOCKOCTH (B KOOPAWHATAX HMIYJIbC—CMEIICHHE) OTO-
OpaskaeTcs a30BON TpaeKTopuen B Buje asutuica. [Lnomaab, OKOHTYpeHHast
3TOW TPAEKTOPHEH, PaBHSIETCSI OTHOIICHUIO SHEpTuM E 1 9aCTOTHI vV KOJIeOaHul,
I = E/v, mony4uBilleMy Ha3BaHHE ana0aTWIeCKuil WHBAPUAHT, TIOCKOJBKY OH
COXpAaHSIETCs PU MAJIBIX aa0aTHIECKUX N3MEHEHMSIX YACTOThI. DTO O3HAYAET,
YTO OTHOIIICHUE IHEPTHH KOJIeOaHUI TaPMOHUYECKOTO OCIIIIISITOPA K YaCTOTe
PaBHO MPOM3BOJIHON 3HEPIUH MO YaCcTOTE WU NpH 3aMmeHe nudepeHnnanon
MaJIbIMU MPUPAIICHUSIMI OTHOILIEHUIO COOTBETCTBYIOIIUX NPUpPAIICHUH 3HEP-
UM U 9aCTOThI:

E dE
[ =—=—=——=const.
v dv Av
Orcropia cieiyeT BO3MOXKHOCTh KBAaHTOBAaHMS aanabaTUYECKOro MHBAPUAHTA,
KOTOPBIN B aHAJTUTUUYECKON MEXaHUKE MOJTYYUJI Ha3BaHUe «JIeiCcTBUs». KBaHTy-
eTcsl IMEHHO JISNICTBHUE, a He HEPrus, KOTopasl SBIISIETCS] HEPEePhIBHON (DYHK-
e 4acTOThI.

TapMoHmUecKuil OCHWIIATOp, aiuabaTHIeCKNil THBAPHAHT KOTOPOTO KBaH-
TyeTcs, a KBaHT JICNICTBUSI paBeH MoCcTosiHHON [1nanka A, siBasieTcsi KBaHTOBBIM
ocumuIITOpoM. OCOGEHHOCTh KBAHTOBOTO OCHMJUISITOPA COCTOUT B TOM, UTO,
COTJIaCHO COOTHOIIIEHMSIM HeollpefiesieHHocTu [eiizenbepra, ero ¢azoBasi Tpa-
€KTOPHS HE MOKET ObITh 3aMKHYTOM. [Ipr 3TOM HEONpeIeIeHHOCTD MOJTOKEHUS
¢dazoBoii TpaekTOpHK Ha (ha30BOM INIOCKOCTH paBHa 1/2h n aqnabaTniecKuil WH-
BapuaHT KBAaHTOBOTO OCHWILISITOpa onpepeisiercst popmysoit I = (n + 1/2)h. Ilo-
CKOJIbKY ISl TAPMOHUYECKOTO OCHUIIISITOpa afinabaTHIecKuil MHBapUaHT MHO-
ro 6ousbie noctosinHon Ilnanka, ero u3MeHeHne ¢ 4YaCTOTOW MOKHO CUUTATh
HENPEPBIBHBIM, a (DAa30BYIO TPAEKTOPHIO — 3aMKHYTOM. CylliecTBOBaHIE KBaHTA
NeNCTBUS h ecTh HeOOXOMMMOe, HO HE IOCTaTOYHOE YCIIOBUE JIJIsSi COOTHOIIECHUN
HeonpefeeHHocTH [eizenbepra. OHU CIEAYIOT U3 KOPIYCKYJISIPHO-BOITHOBOTO
nyanu3Ma, KOTOPBIN B CBOIO OYepe/ib OCHOBAH Ha KOMOMHAmu (pu3nIecKnx 00-
Pa30B, aHAJIOTHI 1 MAaTEMAaTHIECKIX TPEOOpPa30BaHMUI, B YHCIIE KOTOPBIX MPE00-
pa3oBaHue Pypse.

OOpaTuMcsi K FapMOHUYECKOHN BOJIHE, PacHpOCTpaHsIoLencs B KOOp-
AUHATHOM MPOCTPAHCTBE M ONHCHIBAEMOW MEPUOAUYECKON (PYHKIHMEN BHAA
expli(owf — kr)]. ®aza aToit BoHbI, ¢ = wt — Kr, onpefiesisieTcs anreopanveckon
CYMMOW 3aBHCHMOW OT BpeMeHH ((f) W MPOCTPAaHCTBEHHO-3aBUCUMOM ((T) KOM-
MOHEHT. 3aBUCHMAsi OT BPEMEHU KOMITOHEHTa (ha3bl HAXOIUTCS KakK MpOou3Beie-
HUE KPYrOBOW 4acTOThI » HA BpeMms f. KpyroBast yacTora BOJIHBI ONPEEIISIeTCs
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Kak o = 2nv = 2n/T, rae T — nepuop BoiHbL. [IpocTpaHcTBeHHAss KOMIOHEHTA
¢pasel ecTh Mpou3BesieHNE BOJHOBOTO BeKTOpa Kk Ha pagunyc-BeKTOp r, ONUCHIBA-
IOLLUII TOJIOXKEHNE TOYKH B IpocTpaHcTBe. Moayib BoiHOBOro BekTopa k ompe-
JIESETCSI IPOCTPAHCTBEHHBIM MEPHOOM BOJIHBI A, [K| = k = 21/A. VI3 cpaBHEeHUS
® =2n/T n k = 2n/A BUiHa CXOKECTb CTPYKTYP YaCTOThI ® U MOJAYJISI BOJTHOBOT'O
BekTopa k| = k. I[ToaTromy BOMHOBOI BeKTOp K MMEET CMBICI IPOCTPAHCTBEH-
HOH 4acTOThI. B oTiimune oT 4acTOThI ® IpOCTpaHCTBeHHAs yacToTa K siBisgeTcst
BEKTOPOM, KOTOPBIIT ONIPENCIISIeTCsI IPOSKIMSIMA Kk, K 11 Kk B JIeKapTOBOIT CHCTe-
Me KoopauHaT. BoilHa B KOOpIMHATHOM IIPOCTPAHCTBE OIMCBHIBAETCS B CHUCTE-
Me KoopauHar (1, X, y, ), B 4aCTOTHOM IIPOCTPAHCTBE — B CHCTEME KOOPAMHAT
(o,k,, k,,k_). COOTBETCTBEHHO, €CIIM JABIKYILMICS (PU3UIECKIIT OGBEKT B KOOP-
JIMHATHOM IIPOCTPAHCTBE 3aJJaH MaTeMaTHIECKOI MOJIENBIO S(Z, ), TO B 4aCTOT-
HOM HPOCTPAHCTBE ITON MOJIEN COOTBETCTBYET (pypbe-criekTp s(m, K).

YacToTHOE NPOCTPAHCTBO 3KBUBAJIIEHTHO NIPOCTPAHCTBY UMIIYJIBCHOMY, 11O~
CKOJIbKY KOOPJMHAThI UX OTINYAIOTCS MHOXUTENEM /i = h/2n: p = ki u E = oh.
JBuxkenne (pu3ndeckux oO0BEKTOB (KOPIyCKylla, MAaKpOTENO, BOJIHA) MOXKET
O0TOOPaKaThCsl B KOOPANHATHOM HIIM YaCTOTHOM (MMITyJICHOM) TPOCTPAHCTBAX.
OT1H oTOOpaKeHus CBsi3aHbl yepe3 npeodpas3oBanHne Pypre U 0TBEYaIOT (pU3N-
4yecKkoll peasnibHOCTH. HanpuMmep, jeTsmii M4 MOXeT ObITh ONUCAH €T0 HOJI0-
>KEHHMEM, CKOPOCTBIO, UIMITYJIBCOM, A B ClIy4ae COOCTBEHHOT'O BPAILlEHUsI — MOMEH-
TOM UMITyJIbca. KOHE4HO, peub UIET O NpEefCTaBICHUsIX U IpeoOpa30oBaHUsIX HE
caMuX 00'bEKTOB, a 00 ONUCHIBAIOIINX NX MaTEMaTUUECKUX MOJIEJISIX U CUTHAJIAX,
perucTpupyeMbix HaOIoaTeneM. B cooTBeTCTBHN C KIIaCCUYECKUM Ollpejiesie-
HUeM: «Marepusi — 3TO 00 bEKTUBHASI PeabHOCTb, JaHHAsI HAM B OLLYILEHUSIX»,
MOXHO TIOHMMATh HOJ] OLIYIIEHUSIMI — CUTHAJIBI. [TOHSITHSI POCTPaHCTBEHHOM
4acTOTbI, YACTOTHOTO ¥ MMITYJIbCHOTO IIPOCTPAHCTBA HIMPOKO UCIOJIB3YIOTCS B
Hayke U TexHuke. [IpuMepoM MOTryT Clly>KUTh ONTHYECKHE MH(POPMALMOHHbIE
TEXHOJIOTHH, CIIEKTpocKomus [2, 3].

ITycTp pBIKyLIasicsl MaTepHraibHasi YaCTULA B KOOPAMHATHOM IIPOCTPAHCTBE
onuchIBaeTcsl yHKIMEN s(r + V), TA€ ¢ — paiiyCc—BEKTOP MOJIOKEHUS YaCTHIbI
U V — BEKTOP €€ CKOpPOCTH; t — BpeMsi. B 4acTOTHOM IpocTpaHCTBE OHa OTOOpa-
KaeTcst pypbe-crekTpoM s(, K), sBistrormmmcest (pyHKIEen MpoCTPaHCTBEHHON
yacToThl k = k(v/v) (BOIIHOBOW BEKTOp) W BPEMEHHON YacTOThI ®. PYHKIUH
s(r — vt) u s(o, k) cBsi3anbI npeobpazoBanneM Pypoe:

s(r+vt) < f T s(r + vt)exp(—ikr) exp(—iot)drdt =

= s(k) T exp[—i(o—kv)t]dt = 2ms(k)d(0 - Q), (1)

rae o(o — Q) — nenpra-pynkuus qupaka. 31eck MbI BOCIOIB30BAIUCH TEOpE-
Mol cMenieHusl u BBean obo3HaueHne Q = kv. dynknus 2ns(k)d(o — Q) ectsb
(ypre-cuexTp yHKIWH S(r + V{), OMUCHIBAIOIICH YaCTUIY, ABIKYIIYIOCS B KO-
opnuHaTHOM TmpocTpaHcTBe. Kak cienyeT u3 (1), B 9aCTOTHOM IPOCTpaHCTBE
(ypre-ciexTp cursana, oToOpaXarllero ABIKYILYIOCS YacTUIly, UMEET BUJ
d-(pyHKIMH, TOKATU30BAaHHON Ha BpeMeHHON yacToTe () = Kv 1 mpocTpaHCTBeH-

o v
Hou JactoTe k = —2Q . HaHpaBJIGHI/IC CKOPOCTH V KOPITYCKYJIbI 1 BOJTHOBOI'O BEK-
v
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Topa (MIPOCTPAHCTBEHHO! YacTOThI) kK cOBIIajiatoT, a MOJTyJTh BOTHOBOT'O BEKTOpa
k (BomHOBOE 4MCIIO k) ONpeemnsieTcsi OTHOLUIEHHEM YacTOThI () K CKOPOCTH V:

K=k =2,
A\

Yacrora QQ paBHa IPOU3BEJCHUIO BOJIHOBOI'O BEKTOPA HAa BEKTOP CKOPOCTU
ABMKEHUS yacTHLbL: Q = KV, 4TO UieHTUYHO hopMyJie JJIsl JOILIEPOBCKOro ya-
CTOTHOTO CAIBUTa M YKa3bIBaeT Ha KNHEMAaTHUECKYIO IpUpofy 4acToThl Q. CKo-
POCTb V SIBJISIETCSI OTHOCUTENIBHON CKOPOCTBIO CHCTEM OTCUETA KOPIYCKYJIbI U
HaOurofaTeds, a s BOJIHbI, MHAYIMPOBAHHON IBIXKEHIEM KOPIIYCKYJIbI, — IPYII-
MOBOY CKOPOCTBIO.

Bocnonb3oBasiimck onpefesaeHueM IpyninoBoil CKOPOCTH KaK IPOU3BOAHON

YaCTOThI IO BOJTHOBOMY YUCITY Vv = E , 3allMIIEM IPOCThIC HpeO6paSOBaHI/IH BbI-
paXeHus JIs1 4aCTOThI QB BUJIC:

kv d0

Q=k —_— 2
v v dk @

o E
CormacHo KBaHTOBO-MeXaHHYECKOU KOHIEenmuu, Q=—. y‘II/ITbIBaﬂ, qTo
2 2

mv-  p
SHGPFI/ISI E €CThb KNHCTHUYCCKas 3HepFI/I$I OBUKECHHUA YaCTUIbI, E= > = 2— , e
m
v
m —Macca v p =mv=—p — UMITyJIbC YACTHIIbI, IIOJyIaeM U3 ypaBHEHUS (2):
\'
21
=h—=hk_,
p A, B
rae A, — JunHa BOJIHbI e bpoiuts u k, — BomHOBOe uncio fe bpois:
h 21
AB:_’ kB:_:E‘ (3)
P A, R

Corunacho (3), jyiHA BOJIHBI fie Bpoiisis, MHIyIUPOBAHHON IBUKEHUEM Ya-
CTHIIbI, OTIPEfIeNIsIeTCsl OTHOIIeHNEM TocTosiHHON [1nanka k umnysscy. Kunern-
yecKasl SHEPrusl BUKYIIENCS YaCTUIbl OTHOCUTEIbHA B CHCTEME OTcueTa Ha-
OJIrofIaTesNs TaK Ke, Kak M €€ UMIYJIbC.

KopmnyckynsipHO-BOJTHOBOH iyain3M e€cTh (pyHIaMEHTaJIbHOE CBOWCTBO JIBU-
KyIIeNcs MaTepUH, YHUBEPCAITLHOCTH KOTOPOTO CIIEAYEeT U3 KBAHTOBOW KOHIIETI-
VM 1 aJIEKBATHOTO NIPEJICTABIICHUS IBUXKEHUSI KOPITYCKYJIbI B (Pypbe-CONMPSIKEH-
HBIX KOOPAUHATHOM M YaCTOTHOM MpocTpaHCcTBax. OH CBSI3aH C COOTHOIIICHUSIMU
HEONpeJIeJIEeHHOCTEN, KOTOpble UMEIOT YHUBEPCAJbHBIN XapaKTep U SIBISIOTCS
CIIEICTBUEM MPHUHIUNA HEONPEAEICHHOCTH JJIsI ONUCHIBAOIINX JBUKYIIYIOCS
yactuny yHkimi s(¢) u s(Q) KaK CUTHAJIOB, Pyphe-CONPSIKEHHBIX B KOOP/IH-
HAaTHOM M YaCTOTHOM MPOCTPAHCTBAX. ITH (PYHKIMU HECYT MH(OPMAIIHIO O JBU-
KyIIeNcsl YacTUIle M yOBIETBOPSIOT MPUHINITY HEONPEEIeHHOCTH ISl CUTHA-
708 [2]:

< 2 % 2 T

[2]s(o) de [ @|s(Q) aa= SE

rae E — aHeprus curnana. M3 npuHIuna HeonpeeIeHHOCTH CIIeyeT COOTHOIIe-
HUE HeOolpeeJIeHHOCTe!
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AtAQ > % , 4)

rae At m AQQ COOTBETCTBEHHO IPOTSKEHHOCTh CUTHAJa B KOOPAMHATHOM IIPO-
CTpaHCTBE U MIMpHUHA ero ypbe-crekTpa. PYHKINN, ONUChIBAIOIINE KBAHTOBO-
MeXaHn4YecKue 00'beKThI, MOXKHO paccMaTpUBaTh KaK CUTHAJIbI B KOOPAMHATHOM
U YaCTOTHOM IPOCTPAHCTBaX, IOCKOJIBKY YAaCTOTHOE IPOCTPAHCTBO SIBIISIETCS
AHAJIOTOM MTPOCTPAHCTBA UMITYJILCHOTO. Y MHOXKas (4) Ha nocrosiHHyto [limaHka,

nojay4daem 5

AtAE > —, )
2

rne AE = hAQ. 3To cooTHOIIeHNe HeonpenenennocTein [eizendepra s pIiyk-

Tyaluil BpeMEHHbIX HHTEPBAJIOB M 9HEPTHH B KBAHTOBO-MEXaHUUECKHUX MACIIITA-
0ax.

NmmyibCcHOE M 9acTOTHOE MPOCTPAHCTBA B KBAHTOBOW MEXAaHUKE CBSI3aHBI

cooTHoIIeHneM p = 7k. YMHOXKas M pa3fedisis JIeBYIO YacTh HepaBeHCTBa (4) Ha

IPYIIIOBYIO CKOPOCTD V B HANIPABJICHUH, HATIPUMED, OCH Z M YUUThIBast VA? = Az,

AQ = Ak, , oIry4aem
v AzAk, > % (6)

rae k, = Q/v. CooTHomenne (6) CBSI3bIBAET HEONPENAEIEHHOCTH IIPOCTPAHCTBEH-
HOW Az M YaCTOTHO Ak, KOOPAMHAT. Y MHOXKAs1 HEPaBEHCTBO (6) Ha MOCTOSTHHYIO
[Tnanka u yanteiBas, 9To /ik, = p, IOJy4aeM COOTHOIIECHNE HEONIPEICIICHHOCTEN
[eitzen6epra i1l KBaHTOBO-MEXaHMYECKOIO0 00'beKTa B KOOPAMHATHOM U MM-
MyJIbCHOM MPOCTPAHCTBAX

AzAp > g : (7

IIpocTpaHcTBEHHO-4aCTOTHBIN 00pa3 ABMXKYIIErocs Tena Kak (ypbe-clekTp
(pusnyeckoro curHana peanusyeM. Ero BoJIHOBbIE CBOICTBA NPOSIBIISIIOTCS, Ha-
npuMep, B AU pakMOHHBIX ABIeHUIX U B apdekTe Jomnepa. B kopnyckysip-
HO-BOJIHOBOM JlyaJIM3Me HET IPOTUBOPEYMBOCTH, OH «O3HAYAET JIUIIIb, YTO AEK-
BaTHBIH CIOCOO ONMUCAHMS OIpEesieTCs] BbBIOpAaHHBIM METOOM HaOIIO[CHUS»
[4]. KoHnlenmusi KOpIycKyJISIpHO-BOJTHOBOTO Iyajii3Ma OCHOBaHA Ha (pypbe-co-
NPSIKEHHBIX MAaTEeMaTUYECKUX MOJENSIX [ABMXKEHHUS] KOPIYCKYJIbI, aJleKBaTHbIX
OTOOpaKaIIIUM €€ CHTHAllaM B KOOPAMHATHOM M YaCTOTHOM (MMITYJIBCHOM)
IIPOCTPAHCTBAX C YYETOM CBSI3M YaCTOTHOTO M MMITYJIbCHOT'O IIPOCTPAHCTB Yepes
KBaHT jeictBus (E = hio, p = 7ik)). Curaainsl, peructpupyemMble HaGIoaTenem
B KOOPIIMHATHOM U HMMITYJIbCHOM IIPOCTPAHCTBAX, YIOBIETBOPSIOT (PyHIAMEH-
TaJIbHOMY NIPUHIMITY HEOIIPEJIeIEHHOCTH. VI3 HEero cieyloT COOTHOLIEHUs HEO-
IIPENIEJIEHHOCTEN 711 IPOTSIKEHHOCTH CUTHAJIA B KOOPAUHATHOM IIPOCTPAHCTBE
U IIAPUHBI €TO (pypbe-CIeKTpa, YACTHBIM CIIy4aeM KOTOPbIX SIBJISIFOTCSI COOTHO-
LICHUs HeollpefieleHHocTen [en3enbepra.
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