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Abstract

The analysis of some cross effects accompanying solid-phase transformations is performed within the
frame of the thermodynamics of irreversible processes. Solid-phase systems capable of chemical transforma-
tions belong to complicated thermodynamic systems the state of which, unlike the one thermodynamically
equilibrium, can be described by introducing additional thermodynamic parameters. Methods of describing
additional parameters may be different depending on specific physicochemical situation and required detailing
degree. Many cross effects discussed during thermodynamic analysis are known from experiment even if this is
not mentioned. Partial models taking account of different crosse effects are known in continuum mechanics.
Examples are presented that illustrate the principal role of interconnections between different phenomena,
which is necessary to take into account in mathematical description of solid-phase transformations.

INTRODUCTION

It is evident that all the real materials ob-
tained and applied in modern technologies are
structurally non-uniform. In some cases, one
succeeds in describing the properties of these
materials on the basis of the ideas of heteroge-
neous continuum mechanics [1]. Another route,
which is suitable, in particular, in modeling
the behaviour of solid media containing inner
surfaces, pores, cracks, dislocations and other
non-homogeneities, involves expansion of mo-
dern thermomechanics [2] by introducing ad-
ditional parameters; methods to describe them
may be different [3, 4]. The use of locally equi-
librium thermodynamics [5] with additional
parameters allows analyzing possible cross ef-
fects between various physical and chemical
processes observed in solid continuum.

SIMPLE CONTINUUMS

If the components of stresses tensor, tem-
perature and mass concentrations of compo-
nents are chosen as the basic parameters, Gibbs
equation can be represented in the frames of

local-equilibrium thermodynamics [6] as fol-
lows:

dg = _Sijdcij -sdT +ggdek (1)
k

Here g is local Gibbs potential, g, are chemical
potentials of components, N, are their mass
concentrations, €;, S;; are components of strain
and stress tensors, s is local entropy, T is tem-
perature.

The parameters €, s, g; are also functions of
the chosen parameters; each of them can be

represented as a full differential. For example,
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It is known that truly thermodynamic var-
iable is the reaction coordinate X (in the case
under consideration, the phase transformation),
while the corresponding thermodynamic force
is chemical affinity A, which allows us to re-
write (1) in the form [5, 7]

dg = _Sij

dGi]- _SdT _Adz (2)
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Here n is stoichiometric coefficient, and X ac-
tually determines transformation rate (the flux
of reaction is its rate)
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Here, r is density, t is time. The value X = 0
corresponds to the initial state, Xx = 1 would
correspond to complete transformation of the
reacting substances into reaction products. It is
natural that the possibility for transformation
to be completed depends on reaction condi-

tions [5]. For r reactions occurring in solid,
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The A value can be determined with the
help of any one of thermodynamic potentials
[5]. In the case under consideration, the equa-
tion dg = 0 corresponds to the thermodynamic
equilibrium condition. Hence, under equilibri-
um conditions at constant temperature and
stress, A = 0 and equilibrium reaction coordi-

nate depends on temperature and stress-stra-
ined state of the system:

Ee = ‘Ee (T’Gij)

The matrix of the coefficients of the sys-
tem of equations (3)—(5) described cross (direct
and reverse) first-order effects that are princi-
pally possible in the thermodynamic system
under consideration. Derivatives

DOS” a%g
@olmaow @

Eﬁclm DT kS
are the components of the tensor of elastic com-
pliance coefficients; derivatives

Simij =
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actually define spemflc heat at constant strain,;
the coefficient
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determines the extent to which chemical
affinity depends on reaction coordinate. If the
tensors of stress and strains are symmetrical,
we can write the following equation for the
cross terms describing cross effects:
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In accordance with the thermodynamics of
irreversible processes, transformation rate is
determined by chemical affinity, i. e,

—=L (7)

Here L is phenomenological coefficient. For
small deviations from equilibrium at s
= const, one can write [5]:

= const,
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Hence, we obtain from (7)
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Here Tr 4 = 2p—7‘2 > (0 because L > 0 due
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to the positive determinacy of entropy produc-
tion; 029/622 > (0 because Gibbs energy has a
minimum under the equilibrium conditions at
constant stresses and temperature. Thus, near
the equilibrium, X tends to its equilibrium va-
lue following the exponential law.

Taking account of (6), we can indicate as a
first approximation what factors affect the
transformation rate and the time within which
the thermodynamic system relaxes to its equi-
librium state. In a simple thermodynamic sys-
tem, the transformation can cause strains, re-
lease of absorption of heat. In turn, stresses
and strains affect reaction rate by changing
chemical affinity or chemical potentials of the
components participating in the reaction. Thus,
cross effects of feedbacks between different
physical phenomena are observed also in a sim-
ple thermodynamic system.

The role of cross effects in describing real
processes in solids during production and treat-
ment of materials can be principal. They get
special importance in the kinetics of solid-phase
transformations since they are the channels
along which the external factors can affect
transformation rate [8—10].

COMPLICATED MEDIA

To describe complicated thermodynamic
media [11, 12], to which structurally non-uni-
form materials belong, it is necessary to broaden
the set of thermodynamic variables determining
the state of the system. Within the frame of
local-equilibrium thermodynamics, one should
speak of the state at a given moment of time
in a given point of space; all the variables
that are introduced (generalized thermodyna-
mic coordinates) should be additive. Assuming
that the independent variables are tempera-

ture and the components of strain tensor, we
can write down the Gibbs’ equation for the
local Gibbs’ energy as

dg = -sdT - g;d 0} —AdE—%Bkdbk (8)
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This means that the change of entropy is pos-
sible as a consequence of the change of any
of the thermodynamic parameters; strains can
appear as a consequence of various processes
connected with the changes of additional pa-
rameters; all the components of the vector of
generalized forces depend on temperature,
components of the tensor of stress and vari-
ous thermodynamic variables, and on the re-
action coordinate (the properties of substance
being naturally changed during this reaction).
The time of reaction relaxation to the equilib-
rium state under the considered conditions now
will be

pT

L (azg/ GEZ )T,c,b

Let us choose the following additional vari-
ables (besides mass concentrations of compo-
nents able to undergo chemical and phase trans-
formations): area of inner surfaces, specific

Trg = >0
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volume of non-uniformities (cracks, pores,
voids), density of dislocation distribution, and
concentration of vacancies. The corresponding
thermodynamic forces will be: surface energy,
potential of non-uniformities (or energy which
is necessary for their formation due to rupture
of chemical or molecular bonds), potentials of
dislocations and vacancies, similar in sense to
chemical potentials of components. Any of the
newly introduced values meets the require-
ment of balance equation. As usual equations
of mass, pulse, energy and pulse momentum
conservation (balance), additional conservation
equations are written down in local and sub-
stantial forms [5, 6]. Fluxes of all the elements
of structure (defects: inner surfaces, vacan-
cies, dislocations, non-uniformities) depend on
diverse thermodynamic forces. The correspond-
ing equations are written with the help of
Onsager’s theory or its generalization for non-
equilibrium processes. All the mentioned gene-
ral statements are known but they are not al-
ways correctly used in building up specific
models. A principal moment of such an ap-
proach is the mutually dependent character
(connection) of resulting equations, which de-
picts mutually determined character of real
physical and chemical processes. In particular,
taking account of the connection character of
different processes one can write down the exp-
licit matrix of thermodynamic properties of
crystals [13] and indicate the routes by which
external factors affect rates and directions of
local processes including phase and chemical
transformations in a solid continuum. Internal
connections between different processes are
observed independently of the type of exter-
nal action and of whether external action is
present or not.
It follows from (8) and (9)
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If tensors of stresses and strains are sym-
metrical, we can write
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This means that the change of strains tensor
components at varying thermodynamic param-
eter b, is described by the same coefficients as
the change of potential B, under the action of
stresses. Similarly,

o = PBD _DoAD
* BGE Br,o,b [P0 1 e (14)

which means that the change of thermody-
namic force B, in course of reaction is equal
to the change of the affinity of this reaction
at the corresponding variation of the generali-
zed parameter b.

From the viewpoint of the thermodyna-
mics of irreversible processes, the equations
(3), (9) are linearized equations of state. In a
particular case of isotropic medium, it follows
from (9)

dv = v,dp +vpdT +vsd& + g v dby, (15)
K
Here v, vy, v,, v, are volume changes caused

by local changes of pressure, temperature, and
other thermodynamic variables.

Some particular cases of (3) and (9) are
known in mechanics. For example, assuming
db;, = 0 we obtain

de;; = 8;imd 0y, +a;dT (16)
dS = (X”dO'” + cFo-dT (17)
Here a;; are components of the tensor of heat

expansion coefficients; c, is specific heat at con-
stant stresses. In fact, equations (17) are usual
Duamel — Neumann equations in the differen-
tial form. Then, (9) will be their generalizati-
on for the case when irreversible processes of
different kinds occur in the medium caus-
ing irreversible strains. Using (16), (17) and
usual equations of mass, energy, pulse, pul-
se moment conservation we arrive at the sys-
tem of coupled equations of thermal elasti-
city theory.
Assuming db,, = 0, dT = 0 we obtain:
k
d€s; = Sijimd Oy +g O(Ej)de = S4jimd Op
k
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while O(S') = ‘g Gg'C)Vk. This equation brings
k

together the components of the tensors of
stresses and strains, which are the consequenc-
es of diffusion in solid medium or of physic-
ochemical transformations; the use of mass
concentrations of components or reaction co-
ordinates as thermodynamic variables of state
is equivalent. The coefficients qgl_c) describe phe-
nomena in the interaction of the fields of
strain and concentrations; in literature, for
example, in [14], the latter coefficients are
related to as concentrational expansion coef-
ficients over k-th components, or dilatancy
coefficients. They can be calculated on the basis
of elementary notions. The ug)
depict the fact that strains arise as a result
of reaction, or the change of its affinity un-
der the action of internal stresses.

An example with solid-phase diffusion is
less usual in the models of mechanics, though
it has many applications to problems arising
in the production of materials when their sur-
face physicochemical treatment is performed.
Modeling of diffusion is solid media, includ-
ing the effect of internal stresses and strains,
and estimations of strain resulting from non-
uniformities of concentration fields are the
subject of many publications, for example
[14—18]. The known theories include: isother-
mal multicomponent diffusion taking account
of crossover fluxes of components, equilibri-
um and non-equilibrium fluxes of vacancies;
partial models of diffusion in the field of
structural non-uniformities, etc. In real me-
dia, mechanisms and rate of diffusion may
be different, which is determined not only
by external conditions but also by the struc-
ture of the medium. In particular, the rate
of diffusion in solid crystal volume may dif-
fer by several orders of magnitude from that
along the boundaries of grains and phases. A
special thermodynamic analysis of mutual
diffusion in volume and over boundaries was
performed in [19].

Similarly to (18), taking dT = 0 and consid-
ering specific area of inner surfaces as an ad-
ditional thermodynamic parameter one can

coefficients

write down:
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Here the first terms in the generalized equa-
tion describe reversible strains while others re-
late to irreversible ones; the 0(5;-) coefficients
describe cross phenomena (likely to be observed
experimentally) in the interaction of inner sur-
faces with the stresses field. The parameter W
depicts local change of specific surface energy
with changing area. Similarly, change of the
affinity of chemical reaction (or its rate) at the
change of f, parameter is described by the
same coefficient as the change of specific sur-
face energy during chemical reaction is. The
dependence of the rate of reaction in solid
phase on the area of inner surfaces is indis-
putable fact in solid state chemistry [20]. Sim-
ilarly we may indicate the routes by which
various defects affect transformation rates [21]
and formation of internal stresses and strains
[3, 4]

In the simplest case, the equation (7) is cor-
rect for the rate of chemical reaction; howe-
ver, now chemical affinity depends on a large
number of thermodynamic variables of state.
In the general case, one should take account
of the occurrence of scalar processes of an-
other type (different from chemical reaction
itself) in the thermodynamic system. For examp-
le, processes that occur in a solid include the
formation and multiplication of dislocations
and microdefects, changes of the area of in-
ner surfaces, formation or collapse of micro-
cracks, pores, voids as a result of destruction
in the reaction region under the action of in-
ternal strain, etc. These processes involve their
own sources and sinks in conservation (balance)
equations. Hence, one can write instead of (7)

-4 ' By
¢_LT+%L’CT (20)

Generally speaking, the linear approxima-
tion (7) is true only for reactions that occur
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under the conditions not far from the equilib-
rium ones. It is probable that taking account
of cross effects one would be able to broaden
the range of parameters in which the applica-
tion of linear laws will give suitable results.
Besides, on the basis of the methods of mod-
ern thermodynamics of irreversible processes,
generalization for Onsager’s equations may be
proposed which would be correct for non-equi-
librium processes, and also other theories may
be built up [2—4, 22].

Thus, the model of real solid-phase chem-
ical reaction should be coupled, i. e. it should
be described by equations containing both di-
rect and reverse effects.

EXAMPLES OF COUPLED MODELS

In order to illustrate the above conclusion,
let us describe simple examples of calculations
based on coupled models of solid-state trans-
formations.

A coupled model of the development of
the solid-phase reaction nucleus is proposed in
[23] taking account of various physical proces-
ses (deformation, accumulation of damages,
changes of properties during transformations);
different transformation modes are investigat-
ed; critical conditions that divide them from
each other are determined depending on para-
meters. Unlike classical works in the area of
mechanics dealing with the analysis of irrever-
sible strains, this model does not introduce ex-
plicitly the yield stress that gives a limitation
for stresses. Nevertheless, strains that accom-
pany a solid-phase reaction are irreversible. Re-
sults obtained in [23] demonstrate that there is
no necessity to introduce limitations of achiev-
able stresses in the coupled model. The compo-
nents of the tensors of stresses and strains in
the coupled model are connected by relations
like (19) where f, is understood as specific vol-
ume of damages, or damage factor, while a,
coefficient at f, is called structural expansion
coefficient (it is scalar in the model of isotrop-
ic continuum). If as a; = 0, stresses and strains
reach very large values in the substance along
the direction in which the reaction propagates
from the initial nucleus. Specific volume of
damages can also reach unreal values (1 when

measured in relative units). Assuming a,! 0 we
obtain real physical values and relaxation of
strain if the properties change insignificantly
during transformation. Taking account of the
changes of properties during reaction we ob-
tain residual stresses by calculations.

The investigation of such a model within a
broad range of the changes of parameters
(without taking account of destruction) leads
to one more interesting result [24], namely,
periodic regimes of transformation. Within some
range of the changes of parameters, mass
transfer under the action of strain gradient
plays a substantial part. This is exhibited as the
transfer in the positive direction of concentra-
tion gradient. Mathematical formulation of the
problem taking account of the effect of stresses
on the transfer of substance can be represent-
ed in the form

Oy 19% ay[Day
i} =-291-B
PRIl IR % BZ ot Hae
1=0": %/: |E|S1

=0, [§>1

§=0,00:0y/0f =0

Here X is spatial coordinate divided by the
initial radius of a nucleus, t is dimensionless
time, d and B are dimensionless parameters of
the problem, y, is initial fraction of reaction
product in the nucleus, y is transformation de-
gree.

At small B values, the reaction develops
from the initial nucleus in the diffusion mode;
at rather large B the reaction development is
periodic in character, the reaction is not comp-
leted in any point of the substance; regions of
variable configuration are formed in the volu-
me of the substance. It is likely that incom-
plete transformation in reaction, periodic struc-
tures, various oscillating phenomena in solid-
phase processes, instabilities and threshold ef-
fects originate from cross effects; theoretical
considerations in literature pay unreasonably
poor attention to them.

By the way, different steady transforma-
tion regimes connected with the effect of
mechanical processes on the transfer of sub-
stance have been discovered also in a more
complicated model for the reaction of the
type A, + B, = C, [25] (an example of such a
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reaction is the formation of spinels); the only
possible rate constant for the growth of cracks
that would provide joint propagation of the
fronts of reaction and destruction has been
stated for the coupled model of dehydration
[26].
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